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ON THE UNIQUENESS OF SYMMETRIC BASES
IN FINITE DIMENSIONAL BANACH SPACES

BY
CARSTEN SCHUTT"

ABSTRACT

Suppose {¢,};_, and {f};_, are symmetric bases of the Banach spaces E and F.
Let d(E,F)=C and d(E,[2)= n" for some r >0. Then there is a constant
C, =C(C)>0such that forall ¢, €R, i=1,---,n

C:'"ﬁ:aie,. é"iaifi =C iaie,- i
i=1

i=1 i=1
We also give a partial uniqueness of unconditional bases under more restrictive
conditions.

In the first paragraph we prove that symmetric bases in finite dimensional
Banach spaces are unique up to a constant provided we are not “too close” to a
Hilbert space. ‘“Too close” is used here in the sense of Banach-Mazur distance.
Let {e}/-, and {f:}/-; be symmetric bases of E and F with d(E, F)=C and
d(E, )= n’ for some C r>0. Then there is a constant C, = C,(C)>0 such
that for all @, ER, i = wh

C; "2 ae;

This generalizes a result of Johnson~Maurey-Schechtman-Tzafriri [2]. They
proved uniqueness of symmetric bases for spaces with a g-concave basis,
1=q <2. The starting point of their proof was that by 2-concavity the
1-absolutely summing norm of the identity ,(E) is proportional to || 2, ¢ || and
| = f:||. Dropping 2-concavity, we don’t know whether || =/, e|| and || =7, f |
are proportional. This is the main difficulty we have to deal with although it does
not appear explicitly in the proof.
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98 C. SCHUTT Israel J. Math.

Although our proof differs completely from the proof of Johnson-
Maurey-Schechtman-Tzafriri there is a common point. Consider the matrix of
the map A € L(E, F) with | A ||| A" = d(E, F) with respect to the bases {e; }/-,
and {f;}i-;. Then, roughly speaking, we prove that the matrix has a “big”
diagonal.

This is also the reason why the proof does not work if we come ‘“too close” to
a Hilbert space. In a Hilbert space all orthogonal bases are symmetric. By now,
there are a lot of facts suggesting that we have uniqueness of symmetric bases in
general (in finite dimensional spaces). On the other hand, we would not be too
surprised if there is a counterexample.

In the second paragraph we consider unconditional bases. It is known [2] that
there is no uniqueness of unconditional bases. But we discover a partial
uniqueness, i.e., a certain percentage of the basis has to be unique.

Let {e};-: be a symmetric and {f.};-, an unconditional basis of E and F.
Suppose d(E, F) = C, cotypex(E) = C and one of the bases dominates the unit
vector basis in 1%, 1 = p <2. Then there are C* = C*(C,p) >0, ¢ = e(C,p)>0
and a subset M of {1,---, n} with |M|=en and

| 2=

c*!

D, ae;

ieM

2 aé;
M

foralla, €R,i=1,---,n

This is used in order to estimate the symmetric basis constant sbc(E) of certain
spaces. In [2] it was pointed out that if E has an unconditional basis {e;}/-, such
that foralla, €R, i=1,---,n

(S1ar)"=|3 ae

then one has

n

2

. I =s(E) =sbo(E)

€;
=

i=1

where s(E) denotes the symmetry constant introduced by Garling and Gordon
[1]. But for spaces I7®:. I

Ia)i-h= (inl (Z | a; |p>'/p)lh

we have

s(i® 1)=1
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so that this cannot be used to estimate sbc(l7®.17). We get estimations for
sbe(lh®. 13).

Thus we give also examples of sequences of spaces E,, n € N, such that
s(E,) = ubc(E,) = 1 but sbe(E,) tends to infinity. The first example of this kind
was given in [3].

0. Notation

The symmetric basis constant sbc({e;}i-1) of a basis {e;}i-; of a Banach space E
is the infimum of all numbers C >0 such that

n
2 EiQi€r (i) "
i=1

for all signs & = *1, all 4 €R, i=1,---,n, and all permutations = of
{1,---, n}. The unconditional basis constant ubc({e;}i-,) is the infimum of all
numbers C >0 such that

n

> ae

i=1

=C

n

D, ae;

=C

n
; £iQi€;

for all signs &, = *1, and all & ER, i =1,---, n. We put

sbe(E) = inf{sbc({e: }/-1) [ {e:}/, is a basis};

ubc(E) is defined analogously.

We say that E has a symmetric (unconditional) basis {e; };-, if it is normalized
and sbc({e:}'=)) =1 (ubc({e}i-) = 1).

The Banach-Mazur distance of two Banach spaces E and F is given by

d(E,F)=int{|I||I7']|| I € L(E, F)}.

The 1-absolutely summing norm of an operator A € L(E, F) is given by the
infimum of all constants C >0 such that for all sequences {x;};-, we have

k k
2 A= C sup 2[¢xi, x*)l.

We say that a space has cotype p, 2=p <o, with constant C >0 if for all
sequences {x;}i-, we have

k i/p k
(S1l) =2t 2[5 e
i=1 e li=1

where ¢, = +1,i=1,---, k.
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Of course, we use the Khintchine inequality [4] frequently,

(S 1er) =g [$ el 2(S1ar)”

£ i=1

where ¢, = *1,i=1,---,n

By |M]| or card M we mean the cardinality of a set M. The entries of the
inverse matrix A~ are denoted by by, i,j =1,--, n [r] is the greatest natural
number smaller than r, r = 1. If r <1 we put [r] =1.

By {e*}7-, we denote the dual basis of {e}i-,.

1. On the uniqueness of symmetric bases

We prove the following theorem.

THeOReM 1.1. Let E and F be Banach spaces with symmetric bases {e;}}-; and
{f.}-.. Suppose that d(E, F)=C and d(E,l})Z n’ for some C >0 and r >0.
Then there is a constant C, = G (C) >0 such that for all e, ER, i =1,---,n we

have
C' ”2 aie; l__ =C,,

> ae
i=1
For the proof of this theorem we need several lemmas. We start by “slicing”
matrices. Let A ={a;}!;-1 be a matrix and A ™' ={b;};;_, its inverse. Suppose
that {a; [=C, and [b;|=C; for all i,j =1,--, n. Then we define

J! ={j|sign a; = sign b;},
A,k‘l = {] (S JT, C12_k < , [ ' = C|2Vk+1, sz—l < l bj,' | = C22Al*l}
fork,1=1,2,3,---

LEMMA 1.2. Let A be a real-valued n X n-matrix and A" its inverse. Then
there are k,| € N and a subset M of {1, -, n} such that

() IM|zin(kl)”,

(it) Zicasrazh; Zi(kl)? foralli e M.

ProOF. We observe first that foralli =1, - - -, n there are k and [ such that
(1.1) kD= ; a;b;.

Suppose this is not true. Because of id= AA ', |a;| = C; and | b; | = C, for all
Lj=1,---,n we get
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1= z a.-,-b,-.~ = i 2 aijbji-
F=Ip ke

ki=1jEA%

Since we assume the opposite of (1.1) we get

ERCI (1’6—2)2<1.
Thus (1.1) is true. So we choose from every row a set A+’ satisfying (1.1). We
group the rows with the same k, [,
Mk, 1) ={i |k = k(i)and | = I(i)}.
There is at least one set M(k, 1) with |[M(k,I)|=in(kl)> If not, we get a

contradiction:

n =card{kQ1 M(k,I)} 2 |M(k, 1| g% 2 (kly?<n.

Of course, we choose as our set M the set M(k, I) satisfying | M(k, )| Z in(kl)™.
O

LeMMA 1.3, Suppose A is a m X n-matrix, m = n, where in every row there are
k entries equal to one, the others are zero. By A: we denote the subset of {1, -, n}
of indices of those entries of the i’th row that are one. Then we find for every j,
1=j=n, a subset J of {1,---,n} with |J|=]j and for

@) j=1,--,[n/k]

card{i | TN A #D}= -—jk
(i) j=[n/k], -, n, at least 7 m*/n rows, i.e., indices i, satisfy
card{A; NJ}=—

PrOOF. We define the set J in (i) inductively. There is a sequence (j,, Mi)i_1,
[ =j, such that j, €{1,---,n}, M. C{1,---, m} with

m, =|M;|Z mk/n,
(1.2)
%‘k forall r=2,---,1;

N | =

m, =card{M,\ L__J1 M,}z
=1

1 for seM,
(1.3) a,;, = fort=1,---1;

0 for s&M,
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i—

II/\

lm L
I k<2

If we have constructed this we have proved (i). Indeed, we choose as J =
{ji,-*+,ji} and we have

(1.4)

r

card{i]JﬂA,»;éQ}=card{ L_’J M,}
ma
nl

1
1
2 m =32k

! r—1
%20ard{M\ U M}é

r=1 =1 r
Now we prove the construction. Since A contains km ones this makes mk/n
ones in the average per column. We choose a column j; and a set M, with
|M\| = m, = mk/n. If m,> mjk/4n we are done. If not, assume we have already

chosen j,-;, M,_; and we choose now j, and M,. By (1.4) we know that

—

r—

A

I
A=

m, m.

H

Therefore we have

card{{l,---,m}\{ ,L;J: M,}}é%m

Thus we have in the average in the submatrix defined by the index set

{{1,’m}\{ :L;J: M}}x{l’...,n}

at least mk/2n ones per column. We choose a column j, in which more than
imk/n ones can be found. At last, we have to check that | <j:
-1
%mk(l~1)§2 mo=1"p
=1 4
Thus 2(I - 1) =j.
The proof of (ii) is essentially a repeated application of (i). In order to prove
(ii) we assume the converse and construct a contradiction.
Assume now that (ii) is not true. We construct mutually disjoint subsets J; of

{1,---,n} and subsets N, of {1,---,m}, I =1,---,[jk/n], defined by

N, = {i |card{{ U J,}ﬂAi}>%'n—"%€}
S£=1

such that
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1 m’ _ ik
(1.5) IN||=q5g-  foralll=1, ,[n ]
(1.6) card{i | J r\A-;«f@}?—l—L"—2
. 1 i —64 n ’
. , 1 m’
1.7) card{i | J, nA.-#@andzENUk/nl}—Z—mT,
(1.8) |h|=m/k  foralll=1,---,[jk/n],
{ikn) .
1.9 card{ 1L=J1 J,}é].

Two of these conditions are immediately verified: (1.9) follows from (1.8), (1.7)
follows from (1.5) and (1.6).

We get J, by applying (i) with k' = k and j’ = [m/k]. Thus we have |J,| = m/k
and

Im,im|_1m
i . =2-=kl—|=z=—
card{i IJ.ﬂA,;é@}_“n k[k ]_8
thus fulfilling (1.6) and (1.8). Clearly (1.5) is also fulfilled. If niot, (ii) would be
true with J =J,. But we assume the opposite of (ii). Assume now we have

already chosen r — 1 sets J; and choose now the set J,. We consider the submatrix
described by the index set

(1.10) e miNd i mn{ U ).

=1

By the definition of N,_; we get for all i & N,
card{{{l, on\ U J,} nA..}; k/2
=1

since |A;|=k for all i =1,---,m. Therefore, every row of this submatrix
contains at least k /2 ones. We note also that we have because of m = n and (1.5)

2
card{{1,-- -, mAN,,}=Zm —glzmn- >% m
We apply now (i) to this submatrix (1.10) with k' = [k/2] and j' = [m/k]. We get

a set J, with [J,|=im/k and

m2

1
64 n’

v

card{i |J, ”A”"ég}g%%[%(][%]
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Again, |N,| = 33 m?/n since we assume the opposite of (ii). Else, (ii) would be
satisfied for J = U,_, J.
It is obvious that we can continue this process at least until r =[jk/n].
Considering now the sets J; as constructed above we derive a contradiction.
We consider the submatrix described by the index set

(111) {UQ,JI}X{{I""7m}\N[jk/n]}-

We know by the definition of N,.) that every row of this submatrix contains less

than 35 (m/n)(jk/n) ones. On the other hand, we claim that there is a row in

(1.11) having more than s%(m/n)(jk/n) ones, thus giving a contradiction.
Indeed, by (1.7) every group of columns contains at least s m*/n ones. This

makes
[i’_‘]Lﬂz 1 m’jk
128 m =256 n n

w

ones in all. Since we have at most m rows we have more than zz(m/n)(jk/n)
ones in the average per row. O

LemMmA 1.4. Suppose E and F have symmetric bases {e;}-, and {f.}I-: resp.
Let A € L(E, F). Then

Se

i=1

Al =L max max

\/§l=l.'“.n "

where 1 varies over all permutations of {1, - -, n}.

2 (Sracamnrnr)

i=1

ProoF. By using the Khintchine inequality and the triangle inequality we get

Se| |32 sl
Se| |2 (Saeame)s} o

Lemma 1.5, Let {e}'-, and {f}i-, be symmetric bases of E and F. Let
A € L(E, F) and suppose that in the matrix given by A there are m rows

(A(g), fi )=

having at least r entries, equal to one. Then for

@ t=1,[n/r]
124

|AllZ max max
I=1.m 7

= ax max

L
V2, .

latzc2| 3|
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(i) t=[n/r}," -, n

52
lalzc(Z)”

where C >0 is an absolute constant.

3

1
€;

i=1

PrOOF. We use Lemmas 1.3 and 1.4. We choose a subset J, |J|=¢, of
{1, - - -, n} such that Lemma 1.3(j) is satisfied. Choosing a proper permutation 7
so that J C{m(a)|a=1,---,t} we apply Lemma 1.4. We get for some C >0

-1

! {mtr/an)
PYEYe b I I
t -1 tr
zc2|3e) | 54]
nji=1 i=1

Since we have this for all ¢t =1,---,[n/r] we have proved (i). (ii) follows
analogously. O

LemMA 1.6. Let {e}'-i and {f.}-: be symmetric bases of E and F. Let
A EL(E,F)with ||A||=1,||A7*|= C. Considerk,1 € N (resp. k', I' € N) given
by Lemma 1.2 for the matrix

(A (e), f1)ij=1 (resp. (AT'(f;), €1 ))is=1)-
Then there is an absolute constant C* = C*(C) >0 such that for
@t=1,---,[n27%"]

C*—l(kl)——s

$l-[Slls -

= C*(kl)*

12k +1
2 il
i=1

(i) t =[n27%"},--,n

2k+1

213
2]

‘Zf.- =V 2

C*'(kl)™

= C*(kl)*

(i) t =1, -+, [n27"]

C*—l(k III)—B

g2kl
2 e
i=1

i=

2k'+1
=2 e
i=1

2]

12K+

D e

< C*k'I')

’
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@iv) t=[n27"),--,n

2k'+1

n

C*—l(k.llr)—lz

2]

i=1

>

= C*(k'I')"? ‘IE e
)]

2K+l 2k +1

EEf

é C*(klk lll)122(k +’+k'+l')/2.

C*—l(klk rlf)-122(k +1+k'+1)/2 §

Proor. Since |A|=1 and |A7'|= C we have
[KA(e).f)=1 and [A7'(f)ef)|=C
foralli,j =1,---, n. Thus we get by Lemma 1.2 that there are k, | € N and more
than {n(kl)™ rows, i.e., indices i, with
_ 1,
2, (A). AT, ez (kD)
JEAT
and
2 <|{A(g), fHI=27"", C27'<[(AT(f),eD=C27™!
for all j € A¥'. In particular we get
(1.12) iCTIkD) R = | AF.

Now we apply Lemma 1.5to A with m =[in(kl)?] and r =[C7'(kI) 2*"'].
After using the triangle inequality we get for a constant C' = C'(C)>0

1-latzerwr| e | )
(1.13) fort=1,---,[n27""],
1=llAllz C27* (k) V2" 11
(1.14) fort =[n2™"],-- -, n,
czlazC2 'k Set] Zf
(1.15) . '_

fort=1,---,[n27%7]
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_]l

2

i=1

Cz|A™z C2' (kI ViZZn | X e

fort =[n27*"],- -, n.

(1.16)

For t =1 we get from (1.13) and (1.15)

2k +t

c'~’2*(k1)4z( >

and CC'~'2'(kl)'= l S
i=1
By duality we get
C27k) z ' 2 fi
i=1

-1

k+1 -1
and CC"‘Z‘“(kI)‘é'Ef.»" X
i=1

Putting this into the formulas (1.13)-(1.16) we get (i) and (ii). Indeed, the left
hand side inequalities follow from (1.13) and (1.14) and the right hand side
inequalities are obtained from (1.15) and (1.16) by dualization. Clearly, (iii) and
(iv) are achieved the same way.

We prove (v). By (ii) we get for t =n

PRGN

= C*kl)? V2,

C*i(kl)y V2=

And by (iv) we get for t =n

C*—l(k/ly)—lz 2k'+1'§"2 ﬁ” ”Z] e
< CHkI)* V.

1 g 2k

|5

By multiplying these inequalities we get (v). O

LemMMA 1.7. Let {e}/-; and {f.}-, be symmetric bases of E and F. Let
A EL(E F)with ||[A|=1,||A7Y|= C. Consider k,1 € N (resp. k', I' € N) given
by Lemma 1.2 for the matrix

(A, fiNii-r  (resp. ((A7T'(f), eX)i=).

Then there is an absolute constant C* = C*(C) >0 such that
(l) } = 1’ RN [nz—k—;‘k,,,,]

jak kel

< g (kttrkrr)2

i

C*—l(klkll/)~20

= C*(klk'lI'y”

b
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(i) j=[n27""], oy m

j

ell= C*ik 1y |

C*(klk'l'y™ u 2 e

(i) j=1,---,n

CH(klk'I'Y " V= " > e = C (k) Vj,

where t satisfies 2'**"***"zn and B >0 is an absolute constant. The same
inequalities hold for the basis {f.}i-..

ProoE. For simplicity of notation we introduce r = 2**, s =2“*". By Lemma
1.6(i) and (iii) we get

c*! e,

f 18 ienn
s T

C*—l(klll)—B

forj=1,---,[n/rs].

Combining these two inequalities we get for all j =1,---,[n/rs]

A5 1515

i

c*

=1

By Lemma 1.6(v) we get now the left hand side inequality of (i). The right hand
side inequality is achieved in the same way.

We prove now (ii). We prove that for j =[n/rs],---,n we have for some
C*>0,

C*(klk'l'y™ " 2 e

1.17) =Vijrsn™ jrsn”'

H Iz

i

Iz

=C¥

i=1
From these inequalities and Lemma 1.6(v) the inequalities (ii) follow. We have to

consider two cases, j=[n/rs],---,[n/r] and j=[n/r],-,n I j=
[n/rs],-- -, [n/r] we get by Lemma 1.6(i} and (iv)
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C*\(kl)™®

2

j
e
i=1

L T3

s -1

2e

ir n
C* (k) ™® Zf,-ué jrsn™ > el.
i=1 i=1
Combining these two inequalities we get the left hand side inequality of (1.17).
The right hand side inequality is established in the same way.

If j =[n/r], -+, n we have by Lemma 1.6(ii) and (iv) for t =n

2 1340

i

2 e

i=1

C* (k)™ =Vjm~

C**l(kl{l)‘lZ‘ .

Combining these two inequalities we get the left hand side inequality of (1.17).
Again, the right hand side inequality is obtained in the same way.
We prove now (iii). We prove that for ¢t with n =2“*"***Dandallj=1,---,n

we have
< JLls ..
<L 3

= CH(kIk'l'Y™

‘gx/"s

C*—’ (klk VII)—SGI

i
2 e
i=1

(1.18)

i
2 e
i=1
From (1.18) we get immediately (iii). Indeed, (1.18) gives for j =1
2 e
i=1

Putting these inequalities into (1.18) gives (iii). We verify (1.18). Clearly, by (i)
we get (1.18) for j=[n(rs)],---,n. We get by (i) and (ii) for all j=

[n(rs)7], - [n(rs) 7] |
C* (kiK' “ 2= \/%
=Vijrsn™

C* (kIk'I'Y** Vn= = C*(klk'l'Y* Vn.

jrs

Ze.-

i=1

b

jrs

C* (kiK' ') " Z e

n

Ee.-

i=1

Combining these two inequalities we get for j = [n(rs)?], -, [n(rs) 7]

i
~ V¥n

j
> e
i=1

C*—Z(klkrll)—SG \

n
2 e
i=1
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This process is repeated ¢ times such that n = (rs)". Thus we have the left hand
side inequality of (1.18). The right hand side inequality is established in the same
way. O

LemMMA 1.8. Let E and F be Banach space with symmetric bases {e.}i- and
{f.}-1 such that for some C>0 and all j=1,---,n
i

gelelg =
n

i=] i=1

Thus we have for all a, €R, i =

5:, ae;
i=1

We skip the simple proof.

oy
-

LR

?
n

2 af

i=1

(8Clogn)™

IIA

=8Clogn

2 ai€;

ProOOF OF THEOREM 1.1.  We consider a map A € L(E, F) with |A|| =1 and
lA~*||= C. Moreover, we consider k,! € N (resp. k', I’ € N) given by Lemma
1.2 for the matrix

(A(e), f1 )= (resp. (A7'(fi), e 3 )is=1)-

We show that the numbers k, [ k’, I’ are uniformly bounded by a constant that
depends only on d(E, F) and r. Thus we get that some diagonal elements of the
matrices must be big.

By assumption and by Lemmas 1.7 and 1.8 we get

(1.19) n’ =d(E,I2)=64C**(klk'l'Y*® (log n)’.
We consider two cases, t =1 and t =2. If t =1 we observe by Lemma 1.2
Cliky2"'=n and C(Kk'I)YR2"""=n
On the other hand, we have n =2**'***", Thus we get from (1.19)
(K CHklk'I'y 22 VY2 < AC(kIK'I' VP (k + 1+ k' + ')

Obviously, k,Lk’,I' are bounded by a constant depending only on r and
d(E, 17). If t = 2 we have 207 D*%4D < g < 21++ESD Thus we get from (1.19)

2((—1)r(k+l+k'+l')§64c*21(klklll)z:st2(k + l + kl+ 11)2.
Therefore
2'(k+l+kl+l’)/4§8C*‘l/’(k1k’1')a(k + I + kl+ l')

Again, it follows that k, [ k', I’ are bounded.



Vol. 40, 1981 SYMMETRIC BASES IN BANACH SPACES 111

Recalling the meaning of k, [ k', !’ in Lemma 1.2 we get that for a constant
d =d(r,d(E, I3))>0 there are dn rows

(A(g),fi)i-1 and (A7'(f), €T

each containing at least one coordinate with absolute value greater than d. So,
we have mutually disjoint subsets M, of {1,---,n} and indices j, t=1,---,v
such that

(1.20) > |M.| = dn,
t=1
(1.21) [(A(e,),ft)=d  forallieM.

Without restriction we may assume that j=¢ ¢t=1,---,0. So we get for

i

a1§a2;"'§a4n;0

dn
Al 3 ae

n
z[>
i=1

dn

2, £ a;{Ale) f1)
=

By the Khintchine and triangle inequalities we get

dn n v 172
Sael=z|3 (S1aaenr) f

z%zwzﬁ“
j=1 iEM;

V2|Al

=

Since we have symmetricity and the first numbers a,, - - -, @, are the greatest we
get

nd

2 af;

V2| A|d™!
j=1

=

nd
Z a;¢;
ji=1

By symmetricity we extend this inequality from nd coordinates to n coordinates.

The left hand side inequality is obtained in the same way by considering the

matrix (A 7'(f;), ¢ )i O
2. On the partial uniqueness of unconditional bases

Lemma 2.1. Let {e}]-1 be a basis of E such that for some C >0 we have

i £i€; = C“ i €;
i=1 i=1

=

2.1) c “2:; e
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for all signs &=+*1, i=1,---,n. Let id€EL(E*I.) be the operator
id(Z: ae*) = (a):. Then

n

mid)=V2C|D e
i=1

Proor. By using the Khintchine inequality we get

23 (3lar) s 3233

k=1 i=1

<2a§‘e’f,i s.-ei>

e k=1 i=1 i=1
éC” <2a e, x > 0
=N =R At
Lemma 2.2, Let {e}-, and {f.}/-, be bases of E and F with
(2.2) C;' ”2 & guzeiei =C ”Ee )
i=1 i=1 i=
2.3) C;‘I > 5“2 eft §—Cz| > f
i=1 =1 i=1
for all signs &, = x1, i=1,---,n. Then we have for all A € L(E, F)
n n 172
ey B(Skaenmr) =viccla
PRrROOF.
n n 172 n -1
(;|<A(e.»),f’;>|2) ‘Zf’?
= (S hdaeanelk)(sse| S =11])
where id € L(E*, I7) with id(Z-, a:e ¥) = (a;)7-1. Thus we get with Lemma 2.1
n n 172
3 (S kA ) scl S st midean)
j=1 \i=
§C2‘;f*.-‘ |A*||m(id)
=V2GCJA| “2 fr O
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LemMa 2.3. Let {e}-1 and {f.}i-: be bases of E and F with

n

2.5) Z £i€; 2 Setll=Cin,
2.6) " 3 e || 3 aft|=con

for all signs &,8, = £1, i=1,---,n. Moreover, let A € L(E,F ) be invertible.
Then

n

> e

i=1

LS (S1aenmr)”

j=1 \i=1

(V2C:GJlA7Y!

A

&

n

> el

i=1

=V3C.CA|

Proor. The right hand side inequality is an immediate consequence of

Lemma 2.2. In order to prove the left hand side inequality we observe first by
Lemma 2.2

e 2(Skharenr) svaacia uzl et

j=1

2]

Since we have Hoélder’s inequality

1=(3 i ennr) (Zraenmr)”

we get

(3 (Braenmr) ) (S (Srarennr) )z
By this and (2.7) we get

n
> et
i=1

This gives the left hand side inequality. O

n2§V§C,C2||A"|||

134] (2 (S 1awrmr)”).

=1

LeMMA 2.4. Let A ={a;}j-1 be an X n-matrix and A~ = {b;}};-, its inverse.
Suppose that for some p, 1 =p <2

j=1

n 1/p
(2.8) (Z | a; I”) =G foralli=1,---,n,

n n 172
2.9) 2‘{ (; | by |z> = Cn.
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Then, for all d >0 there are ¢ = e(d, C,, C;) >0, a subset M of {1,---, n} with
IM|Z[(1-d)n] and a sequence (i, j(i)), i € M, such that
laiwlze and |bjulZe.
Proor. We put
n 1/2
M= {,' (2 | by ]2) gd-'cz}.
ji=1
Certainly |[M|=[(1—d)n]. Together with (2.8) and =/, |a,b:| =1 we get the
desired result since p <2. O
PrOPOSITION 2.5. Let {e;}-; and {f.}i-, be unconditional bases in E and F

with d(E, F)=C and

2

(2.10) c “2 e é"é; ﬁl’é C"g1 e

et

i=1

e =Cn,

n
z aé;
i=

and all a, €ER, i=1,---,n. Then, there are constants C* = C*(C,p)>0, é§ =
8(C,p)>0 and a subset M of {1,---,n} with |[M|= én and

2 aie; 2 afi 2 a.e;

ieM ieM ieEM

@.11) l

(2.12) (Z |a: lp)l/pgc

forsomep, 1=p<2,

c*!

=

=C*

foralla,€R,i=1,---, n

PrROOF. We consider A € L(F, E) with ||A||||A7"||=d(E, F). Because of
(2.10) and (2.11) we may apply Lemma 2.3. We get

n n 172
> (S A enmE) =cm
AN\E
Moreover, by (2.12) we have
- n i/p

lalzlagizc (S 1agyenr)”
So we can apply Lemma 2.4 for d =3. We get that there is a subset M of
{1,---, n} with |M|=[in] and a sequence (j,i(j)), j € M, with

(2.13) KA. eip)ze and [(A7Y(eq) f)]Ze
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On the other hand we have
o =card{j|i(j) =1} = ¢ *d(E, F).
Indeed,
d(E,F)=[A[|ATz]A"eDIIA™ ()]

213

Therefore, we find even a sequence (i,, ). ), t =1, -+, =[ie°nd(E, F)"'] such
that

2 2
= =g .

(2.14) KA(fi).et)ze and [(A7(e).fi)|Ze.

We have for all signs

1413 as |2

By the Khintchine inequality and the triangle inequality and (2.14) we get

3 2aam)|

V2jjal " 2, af,

2|3 (S1acadyenk) e

2|2 (Zlaagrenr) e

=

o
£ Ea,e,-, .
1=1

In the same way we get

=zl af,|. O
=1

THEOREM 2.6. Let {e}/-, be a symmetric basis of E and {f}- be an
unconditional basis of F with d(E, F) = C and cotype.(E) = C. Suppose that one
of the bases {e:}:-, or {f:}-1 dominates the unit vector basis of I, 1=p <2. Then
there are constants C*=C*(C,p)>0, ¢ =¢(C,p)>0 and a subset M of

{1,---, n} such that |M| = en and

2 ae =

ieEM

Vala |3 ae,
t=1

c*!

aé;
iEM EM

foralla, €ER,i=1,---,n
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ProOF. We have to verify that we are in the situation of Proposition 2.5.
Since {e:}i-: is a symmetric basis (2.11) is valid. By theorem 3.1 in [2] we have
that |=i_, e and |=}-, f|| are proportional to m,(E) (resp. m\(F)). Therefore
(2.10) is true and (2.11) is also true for the basis {f}i-.. (2.12) is valid by
assumption. O

COROLLARY 2.7. Let I%®, 1, denote the matrix space

rip\ \Ur
"2 ae; (Z{a,,lp) ) , 1=pr<2.

ij=1
Then {sbc(I°®.1,)| n € N} is unbounded if and only if p#r.

Proor. If p =r we have obviously symmetric bases (with constant 1). Now,
suppose p # r. Observe that for some C, >0 we have cotype. (I5®,[,) = C, for all
n € N. 1t is obvious that for ¢ = max{r, p}

z(31ar)”

Thus we may apply Theorem 2.6. We assume that there is a sequence of spaces
F,, n € N, with symmetric bases {f;}i;-1 such that for some C,>0 we have

2 Qi€

=1

d(F., i )= C.

By Theorem 2.6 we get for some C*>0, ¢ >0 and M C{(i,j)|i,j =1,---,n}
with |M| = en?

= " ; a,f;

We find at least one i, and j, such that

<c-

2 ai;€i|l-
M

card{M N {(io,j)|j=1,-,n}}=en,
card{M N{(i,jo)]i=1,- -, n}} = en.

By this and the symmetricity of {f;};-, we get a contradiction. 0
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